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Abstract
In the present paper the axial quasi-normal modes of neutron stars in f(R) gravity
are examined using a large set of equations of state. The numerical calculations are
made using two different approaches – performing time evolution of the perturbation
equations and solving the time-independent representation of the equations as a bound-
ary value problem. According to the results the mode frequencies and the damping
times decrease with the increase of the free parameter of the theory in comparison to
the pure general relativistic case. While the frequencies deviate significantly from Ein-
stein’s theory for all realistic neutron star masses (say above 1M⊙), the damping times
reach non-negligible differences only for the more massive models. We have constructed
as well universal (equation of state independent) gravitational wave asteroseismology
relations involving the frequencies and the damping times. It turns out that the equa-
tion of state independence is preserved using the same normalization as in pure general
relativity and the qualitative differences of the phenomenological relations with respect
to Einstein’s theory of gravity can be large for large values of the free parameter in
f(R) gravity.
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1 Introduction
Until recently the electromagnetic channel was the only way to probe the strong field regime
of gravity. This changed with the direct detection of gravitational waves from merging
binary black holes [1, 2, 3, 4, 5] and binary neutron stars [6]. A very interesting fact is that
in the latter case the electromagnetic counterpart was observed as well [7], which sets the
beginning of the so-called multi-messenger gravitational wave astronomy. It is therefore most
important to study the different sources and mechanisms for the emission of gravitational
waves. A rather promising avenue here is represented by the study of quasi-normal modes
(QNMs) of neutron stars. Even though such QNMs have not been detected yet, it is expected
that the advance of the instruments will allow to observe them in the future. A drawback
of the attempts to test the strong field regime of gravity with neutron star QNMs are
the uncertainties in the nuclear matter equation of state (EOS). However, the observational
constraints on the EOS are rapidly improving with time [8, 9, 10, 11, 12]. Moreover, the QNM
spectrum of neutron stars is much richer than the black hole one, which offers us different
possibilities to test deviations from pure general relativity (GR) (see e.g., [13, 14, 15]).
Neutron star oscillations have been studied for decades, and comprehensive classifications
have been made [16, 17, 18]. In the present paper we will concentrate on the axial modes
of neutron stars. (Since we will be considering nonrotating models the perturbations can be
separated into purely axial and polar perturbations.) The axial modes are rapidly damped
spacetime (or curvature) modes that have no analog in Newtonian gravity and are a pure
manifestation of the tensorial character of GR and its generalizations similar to the QNMs
of black holes [19, 20, 21]. Most of the previous studies of axial QNMs or neutron stars
have been made in pure GR though. Exceptions are the studies in massless scalar-tensor
theories [22], tensor-vector-scalar theory [23], Einstein-Gauss-Bonnet-dilaton gravity [24] and
Horndeski gravity [25].
In the present paper we will concentrate on a class of alternative theories of gravity that
attracted considerable interest recently in connection with the dark energy puzzle, and which
can also produce non-negligible deviations from GR in the strong field regime, namely the
f(R) theories of gravity [26, 27, 28]. More precisely, we will focus on the so-called R2 gravity
having a Lagrangian of the form f(R) = R+aR2, where a is a parameter, since the R2 term
is supposed to give the dominant contribution for strong fields. Realistic non-perturbative
neutron star models were constructed in R2 gravity in [29, 30, 31, 32] both in the static and
rotating cases, and the results show that the deviations from GR can be significant, even
though comparable with the equation of state uncertainty.
In the present paper we will perturb the non-rotating background models obtained in [29].
First we will solve the time-dependent perturbation equation to obtain the time evolution
for the gravitational wave signal, extracting the oscillation frequency and the damping rate
for some selected neutron star models and a realistic EOS. Then we will turn to the time-
independent boundary value problem, solving for the QNMs for a large number of models and
EOS. This will then allow us to address universal (EOS independent) relations for the neutron
star models (see e.g. the recent reviews [33, 34]). In particular, we will investigate how GR
universal relations for the rescaled frequencies and damping times [35, 36, 37, 38, 39, 40]
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generalize to f(R) theory.
The outline of the paper is as follows: In Section II the basic equations for the axial
perturbations in f(R) gravity and some notes on the numerical methods are presented.
In Section III the numerical results are presented and discussed. The paper ends with a
conclusion.
2 Basics
2.1 Background solution
In this paper we study the axial perturbations of neutron stars in f(R) gravity with La-
grangian f(R) = R + aR2, also known as R-squared gravity. For mathematical simplicity
we will not work directly with the f(R) gravity action and field equations, but instead we
will exploit the mathematical equivalence between the f(R) theories and a certain class of
scalar-tensor theories (STT). In addition, when working with the STT representation of the
f(R) theories we will not employ the physical Jordan frame but instead the more convenient
Einstein frame. Transformations to the relevant quantities in the physical Jordan frame will
be made whenever needed. More details on this problem, including a detailed discussion
of the transition from f(R) to STT and the connection between the Jordan and Einstein
frames can, e.g., be found in [29, 30, 31].
The general form of the Einstein frame action in STT can be written in the following
form
S =
1
16piG
∫
d4x
√−g [R − 2gµν∂µϕ∂νϕ− V (ϕ)] + Smatter(A2(ϕ)gµν , χ), (1)
where R is the scalar curvature with respect to the Einstein frame metric gµν , V (ϕ) and
A(ϕ) are the potential and the coupling function of the scalar field ϕ, and Smatter is the
action for the matter, which is symbolized by χ. One should note that an explicit coupling
between the matter and the scalar field appears through the coupling function A(ϕ) only
in the Einstein frame due to the conformal transformation of the metric involved, while no
such direct coupling exists in the physical Jordan frame. Therefore the weak equivalence
principle is satisfied.
In the case of R2 gravity the coupling function A(ϕ) and the scalar field potential are
given by [29, 30, 31]
A(ϕ) = e
−
1√
3
ϕ
, V (ϕ) =
1
4a
(
1− e− 2ϕ√3
)2
. (2)
It is straightforward to show that the resulting scalar field is then massive with a mass
mϕ = 1/
√
6a. However, the limiting case a→∞ corresponds to mϕ = 0, which is equivalent
to a particular class of massless Brans-Dicke theories. Since a mass of the scalar field leads
to a finite range of the scalar field of the order of its Compton wavelength, it effectively
suppresses the deviations from pure GR. Thus the case a→∞ corresponds to the maximal
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deviation from GR [29, 30, 31]. On the other hand, in the limit a→ 0 the scalar field mass
tends to infinity, therefore the solutions tend to pure GR solutions.
The free parameter a of the theory is observationally constrained to a . 1011m2, which
translates in the dimensionless units used in the present paper to a/R2g . 10
5 [41], where
Rg = 1.47664 km is one half of the solar gravitational radius. In our calculations we will
work with a up to a ∼ 105 (in dimensionless units), i.e., cover the full observationally allowed
range of a, where the upper limit then leads to the maximal deviations from GR within this
theory.
In the following we will consider static and spherically symmetric solutions. Then the
Einstein frame metric can be written in the following general form
ds2 = −e2νdt2 + e2λdr2 + r2(dθ2 + sin2 θdφ2). (3)
The dimensionally reduced field equations in the Einstein frame, obtained after varying the
action (1), are given by
1
r2
d
dr
[
r(1− e−2λ)] = 8piGA4(ϕ)ρ¯+ e−2λ
(
dϕ
dr
)2
+
1
2
V (ϕ), (4)
2
r
e−2λ
dν
dr
− 1
r2
(1− e−2λ) = 8piGA4(ϕ)p¯+ e−2λ
(
dϕ
dr
)2
− 1
2
V (ϕ), (5)
d2ϕ
dr2
+
(
dν
dr
− dλ
dr
+
2
r
)
dϕ
dr
= 4piGα(ϕ)A4(ϕ)(ρ¯− 3p¯)e2λ + 1
4
dV (ϕ)
dϕ
e2λ, (6)
dp¯
dr
= −(ρ¯+ p¯)
(
dν
dr
+ α(ϕ)
dϕ
dr
)
, (7)
where α(ϕ) = d lnA(ϕ)
dϕ
. The quantities ρ¯ and p¯ are the energy density and the pressure in the
Jordan frame, and they are connected to the respective quantities in the Einstein frame via
ρ = A4(ϕ)ρ¯ and p = A4(ϕ)p¯.
In order to obtain neutron star solutions, this system of field equations (4) has to be sup-
plemented by an equation of state for the matter in the Jordan frame of the form p¯(ρ¯). The
boundary conditions are chosen to imply regularity at the center of the star and asymptotic
flatness at spatial infinity. Thus we impose at the center ρ¯(0) = ρ¯c, λ(0) = 0 and
dϕ
dr
(0) = 0,
where ρ¯c is a free parameter denoting the central energy density. The condition
dϕ
dr
(0) = 0
ensures the regularity of the corresponding scalar field in both (Einstein and Jordan) frames.
The Jordan and the Einstein metrics are conformally equivalent, and therefore the condition
λ(0) = 0 at r = 0 secures regularity of the geometry in both frames. The boundary condi-
tions at infinity, which lead to asymptotic flatness in both frames, are limr→∞ ν(r) = 0, and
limr→∞ ϕ(r) = 0.
Let us comment on how do we calculate the physical distance from the center of the
compact object to a fixed point, since this will be used later. It would be different from the
Einstein frame distance, and it is computed in the following way
rphys =
∫ r
0
A(ϕ)eλdr, (8)
4
which follows from the fact that the coupling function A(ϕ) is actually the conformal factor
connecting the metrics of the Jordan frame and the Einstein frame. Another quantity that
should be evaluated in the physical Jordan frame is the physical radius of the star, which
is determined by the requirement that the pressure should vanish at the stellar surface
rS = r(p¯ = 0). It is easily seen that the physical radius is given by RS = A(ϕS)rS, where
ϕS is the value of the scalar field at the stellar surface. The neutron star mass on the other
hand is the same in both frames [29]. Likewise, the frequencies and damping times of the
QNMs are the same in the Jordan frame and in the Einstein frame.
2.2 Axial perturbations and exterior complex scaling
Following the standard procedure [16, 17, 18] the axial perturbations of the metric can be
written as
Haxialµν =


0 0 h0(t, r)S
lm
θ (θ, φ) h0(t, r)S
lm
φ (θ, φ)
0 0 h1(t, r)S
lm
θ (θ, φ) h1(t, r)S
lm
φ (θ, φ)
h0(t, r)S
lm
θ (θ, φ) h1(t, r)S
lm
θ (θ, φ) 0 0
h0(t, r)(r)S
lm
φ (θ, φ) h1(t, r)S
lm
φ (θ, φ) 0 0

 , (9)
where (Slmθ (θ, φ), S
lm
φ (θ, φ)) = (−∂φYlm(θ, φ)/ sin θ, sin θ∂θYlm(θ, φ)) with Ylm(θ, φ) being the
spherical harmonics. Since the scalar field ϕ, the pressure p and the energy density ρ trans-
form as true scalars under reflections of the angular coordinates their axial perturbations
vanish.
The relevant perturbed field equations are then given by
−e−2ν∂2t h1 + e−2ν
(
∂r − 2
r
)
∂th0 − (l − 1)(l + 2)
r2
h1 = 0, (10)
∂th0 − eν−λ∂r
(
eν−λh1
)
= 0. (11)
Extracting ∂th0 from the second equation and substituting it into the first, we find the
equation for h1. But instead of using h1 it is convenient to use the function
X = h1
eν−λ
r
. (12)
In terms of the function X , the axial perturbations in f(R) gravity are described by the
following time-dependent equation
∂2X
∂t2
− eν−λ ∂
∂r
[
eν−λ
∂X
∂r
]
+
+ e2ν
[
l(l + 1)
r2
− 3
r2
(1− e−2λ) + 4piA4(ϕ)(ρ¯− p¯) + 1
2
V (ϕ)
]
X = 0, (13)
where we have also used that
−re−ν−λ d
dr
(
eν−λ
r2
)
=
2
r2
− 3
r2
(
1− e−2λ)+ 4piGA4(ϕ)(ρ¯− p¯) + 1
2
V (ϕ). (14)
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For the perturbation function X(r, t) we can assume the usual time-dependence X(r, t) =
X(r)eiωt, which leads to a time-independent equation
eν−λ
d
dr
[
eν−λ
dX
dr
]
+
+
{
ω2 − e2ν
[
l(l + 1)
r2
− 3
r2
(1− e−2λ) + 4piA4(ϕ)(ρ¯− p¯) + 1
2
V (ϕ)
]}
X = 0.(15)
The QNM frequency ω is complex, ω = ωR+ iωI , where the real part ωR corresponds to the
frequency of the oscillations, while the imaginary part ωI is the inverse of the damping time
τ of the modes.
The perturbation has to be regular at the center of the star, which implies X(r → 0) ∼
rl+1. At infinity, r → ∞, the general form of the solution is a linear combination of an
outgoing and an ingoing wave
X ∼ Aineiω(t+R) + Aouteiω(t−R), (16)
where dR = eλ−νdr defines the tortoise coordinate. Since we are interested in neutron star
QNMs, X should have the form of a purely outgoing wave at infinity without any ingoing
wave contribution. However, trying to impose this condition numerically leads to severe
numerical problems. For example in the case of stable modes with ωI > 0 the outgoing
perturbation diverges for large distance, while the ingoing contribution goes exponentially
to zero. Thus, any small numerical contamination with an ingoing wave contribution leads
to errors in the determination of the resonant frequencies.
This problem of course exists only when we solve the time-independent perturbation
equation (15). If we perform a direct time evolution of the time-dependent perturbation
equation (13), the outgoing wave condition does not have to be imposed explicitly. Instead,
we should just locate the rightmost boundary of the integration domain far enough from the
center of the star, so that any ingoing contamination of the signal would have to travel too
long to the point of extraction of the gravitational wave signal and, thus, would not influence
the final results.
In order to control the error coming from the numerical contamination with an ingoing
wave when calculating the resonant frequencies using the time-independent perturbation
equation (15), we employ the method based on exterior complex scaling (see e.g., [42, 39, 40,
24]). Instead of integrating directly Eq. (15) for the perturbation X , we consider the phase
function of the perturbation. Thus we transform Eq. (15) to the form of a Riccati equation
[43] by defining the phase function of the perturbation via dX
dr
= gX . Then we obtain
dg
dr
= −g2 − e2λ−2νω2 + ge2λ
[
4pirA4(ϕ)(ρ¯− p¯) + r
2
V (ϕ)− 1
r
(
1− e−2λ)
]
+e2λ
[
4piA4(ϕ)(ρ¯− p¯) + 1
2
V (ϕ) +
l(l + 1)
r2
− 3
r2
(
1− e−2λ)
]
. (17)
Regular perturbations at the center of the neutron star will possess a phase function behaving
like g ∼ l+1
r
close to r = 0. At infinity, however, a general solution of the equation will look
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like
g ∼ iωAine
iωr −Aoute−iωr
Aineiωr + Aoute−iωr
, (18)
which tends to g|∞ = −iω asymptotically, for both purely outgoing waves and mixed (ingoing
plus outgoing) waves.
In order to guarantee that the solutions correspond to purely outgoing waves, we make
an analytical continuation of the equation into the complex plane. This can be done by
defining a complex coordinate r [44]
r = rj + ye
−iζ, (19)
where the real numbers rj and ζ are auxiliary constants, and y ∈ [0,∞). The asymptotic
behaviour of the phase function g then becomes for y →∞
g ∼ iωAine
iξy −Aoute−iξy
Aineiξy + Aoute−iξy
, (20)
with ξ = ξR + iξI and ξR = ωR cos ζ + ωI sin ζ , ξI = ωI cos ζ − ωR sin ζ . If we now choose ζ
such that ξI = ωI cos ζ − ωR sin ζ < 0, the condition g|∞ = −iω enforces Ain = 0, and the
solution will describe purely outgoing waves.
With this setting, the resulting numerical procedure is the following. First we generate
a static background solution, where we have to fix the parameters of the theory (i.e., the
constant a), the equation of state, and the central pressure of the configuration. In the next
step, we calculate the coefficients of Eq. (17) using the background configuration. Then we
generate an interior solution of this equation extending from the center of the star at r = 0,
up to a point at r = rj , where the point rj is chosen to be outside the star (rj > Rs), and
we demand regularity of the phase function by imposing limr→0 r · g = l + 1.
Next, a second solution of Eq. (17) is generated, but this time after performing the
transformation (18) with ωI cos ζ − ωR sin ζ < 0. This solution extends from r = rj to
infinity, and we demand the exterior phase to satisfy g|∞ = −iω, which imposes the outgoing
wave behaviour. QNMs are obtained when the interior phase solution and the exterior phase
solution are continuous at the point r = rj . In our case, this only happens for a discrete
set of values of ω. We implement a search algorithm that minimizes the difference between
both solutions at r = rj using the gradient descent. Once we obtain a QNM, we test the
numerical stability by changing the auxiliary parameters rj and ζ . Typically the QNMs can
be obtained with a relative accuracy of 10−3 or better.
3 Numerical results
We used two independent numerical techniques for solving the problem in order to verify the
results and gain deeper insight. First we performed a time evolution of Eq. (13) perturbing
the star with some initial pulse. This is the most general way of constructing a solution since
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we just impose some initial perturbation, and then let the system evolve. The resulting signal
will contain an admixture of all the excited modes. The drawback of this method is that it
normally yields only the first axial QNM because of the short damping times of the higher
axial modes. In addition, only a few oscillations can be observed before the signal dies out
due to the fast damping, which leads to large errors in the extracted frequencies and damping
times.
Solving the time-independent perturbation equation (15) via the complex scaling method
is of course more involved, but it is a much more robust procedure, that can be used to
explore the parameter space with high accuracy. Therefore, we used this method to obtain
the QNMs of a large variety of EOS and extract a set of universal relations. The background
solutions were obtained using the ODE solver Colsys [45]. Typically, the mesh sizes of
the solutions include 104-105 points, with a relative accuracy of 10−10 for both functions
and derivatives. To implement the realistic equations of state, we used a monotonic cubic
Hermite interpolation of the data points for the tabulated EOS, or alternatively, a piece-
wise polytropic interpolation as described in [46]. The results obtained with the two methods
proved to be in very good agreement, pointing to the correctness of the calculations.
3.1 Time evolution of the axial perturbation equation
We start our discussion of the numerical results by examining the axial oscillations of neutron
stars in GR and f(R) gravity via time evolution of the time-dependent equation (13). We
here concentrate mainly on the characteristics of the problem that can be extracted solely
from the time evolution including a comparison with the results from the complex scaling
method, and leave the detailed discussion of the behavior of the oscillation frequencies,
damping times and universal relations for the next sections.
We evolved Eq. (13) for a given period of time imposing a Gaussian pulse as initial data1.
The frequency was calculated from the obtained waveform via Fourier transformation of
the signal. The damping times were obtained by fitting the peaks of the signal with an
exponential function. The coefficient in this fitting exponent is the imaginary part of the
frequency, which is related to the damping time via τ = 1/ωI .
We studied neutron star models with a realistic EOS, namely the APR4 EOS [47]. The
presented waveforms were extracted at about 200 km physical distance from the star as
defined according to Eq. (8). This distance was chosen in such a way that it is on one
hand far enough from the star, and on the other hand the outer boundary of the numerical
integration was located at much larger radial distances, so that any contamination from
ingoing waves (due to the finiteness of the computational domain) was avoided.
The results we present in this subsection are for very massive neutron stars only. The
reason is that the damping time of the considered modes increases with the increase of the
compactness which leads to a larger number of oscillations to be observed before the signal
dies out. Since the axial modes have very small damping times in general, the number of
oscillations is not that large even for the most massive models. For the considered EOS, one
1We used a Gaussian pulse for convenience. The results for the axial mode frequencies should be inde-
pendent of the form of the initial pulse.
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Figure 1: The observed signal at approximately 200 km physical distance from the star ob-
tained via time evolution of the time-dependent perturbation equation. The studied neutron
star models are obtained with EOS APR4, mass M = 2M⊙ and for different values of the
parameter a between GR (black) and a = 104 (purple). (left) The signal is presented as a
function of time in milliseconds. (right) The absolute value of the same signal is shown on
a logarithmic scale as a function of time.
can determine the oscillation frequencies and damping times with good accuracy only for
masses of the order of two solar masses. Since one of the main motivations for performing
time evolution calculations is to verify the results from solving the time-independent problem
via the complex scaling method, we have chosen to work with masses of 2M⊙ and above in
order to have high enough accuracy.
The waveforms for neutron star models with masses M = 2.0M⊙ and M = 2.15M⊙ and
for the fundamental l = 2 curvature mode are presented in Figs. 1 and 2. In the left panels of
both figures the signal is presented as a function of time, and in the right panels the absolute
value of the signal is shown on a logarthmic scale as a function of time. As commented, the
signal is extracted at a physical distance from the star which is roughly equal to 200 km.
The figures show the dependence of the arrival time of the signal on the free parameter
a. As expected, the maximal deviation from GR, and hence the shortest arrival time, occurs
for the largest value of a considered, and the arrival time gets closer to the GR value when
a decreases. This effect arises from two sides. First, we extract the signal at a fixed physical
distance, that differs from the coordinate one according to Eq. (8). Second, the effective
potential of the perturbation equation (15) is influenced by the presence of a scalar field
(or R2 modification of GR). A similar effect of a delay in the arrival time of the signal is
observed also in [22] for the case of scalar-tensor theories with a massless scalar field.
In Table 1 we present the oscillation frequencies and damping times extracted from the
time evolution results presented in Figs. 1 and 2 together with the results obtained by solving
the boundary value problem. As one can see there is a good agreement between the results
for the oscillation frequencies and damping times obtained with both methods. The maximal
9
2.1 2.2 2.3
-0.4
-0.2
0.0
0.2
X
t [ms]
 GR
 a = 0.3
 a = 1
 a = 10
 a = 100
 a = 104
EOS APR4
M = 2.15M
2.0 2.2 2.4 2.6 2.8 3.0
1E-8
1E-7
1E-6
1E-5
1E-4
1E-3
0.01
0.1
EOS APR4
M = 2.15M
|X
|
t [ms]
 GR
 a = 0.3
 a = 1
 a = 10
 a = 100
 a = 104
Figure 2: The observed signal at approximately 200 km physical distance from the star ob-
tained via time evolution of the time-dependent perturbation equation. The studied neutron
star models are obtained with EOS APR4, mass M = 2.15M⊙ and for different values of the
parameter a between GR (black) and a = 104 (purple). (left) The signal is presented as a
function of time in milliseconds. (right) The absolute value of the same signal is shown on
a logarithmic scale as a function of time.
deviation between both methods is about 3% for all of the considered models2.
The data in the table show that both the frequencies of the modes and the damping times
decrease with increasing a. This leads to a serious decrease of the number of oscillations
observed in the signal in Figs. 1 and 2 for large a due to the fast damping. We leave further
comments on the behavior of these quantities for the following subsections.
Model Time evolution BVP Time evolution BVP
ωR [kHz] ωR [kHz] τ [µs] τ [µs]
GR 7.222 7.300 61.999 62.618
a = 0.3 7.259 7.277 61.194 61.637
a = 1 7.175 7.232 59.265 59.728
a = 10 6.909 7.049 54.612 54.291
a = 102 6.820 6.891 51.902 50.770
a = 104 6.578 6.803 48.266 49.034
Table 1: The oscillation frequencies and the damping times of neutron stars with EOS APR4,
mass M = 2M⊙ and for different values of the parameter a between GR and a = 10
4. For
comparison results obtained with the time evolution and the time-independent boundary
value problem (BVP) are presented.
2This deviation might increase with the decrease of the stellar compactness due to the low accuracy of
the results coming from the decrease of the damping time. That is why we have chosen to work with higher
mass models as commented above.
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Figure 3: (left) Frequency ωR (in units of kHz) of the fundamental l = 2 curvature mode
versus the mass (in units of the solar mass M⊙) of neutron stars with the SLy equation of
state and different values of the parameter a varying between GR (black) and a = 105 (red).
(right) A similar figure showing the damping time τ (in µs).
3.2 Boundary value problem
3.2.1 Axial quasi-normal mode spectrum for different EOS and values of a
In this subsection we present the dependence of the spectrum of QNMs on the parameter a
obtained by solving the time-independent perturbation equation (15) via the complex scaling
method. We consider a set of ten realistic equations of state describing different matter
contents. To label the EOS we follow the nomenclature used previously in [24, 39, 40, 48].
Some of the EOS include purely nuclear matter (SLy, APR4), others hyperon matter (GNH3,
H4, BHZBM, WCS1-2), or a mixture of quark and nuclear matter (ALF2-4, WSHPS3). We
now focus on the fundamental l = 2 curvature mode.
As an example of the typical effect of the R2 term on the QNMs, we present in Fig. 3
the fundamental l = 2 curvature mode for the SLy EOS. In Fig. 3 (left panel) we show the
frequency ωI in kHz versus the total mass of the neutron star in M⊙. In black we show the
frequencies for the GR case and in red for the a = 105 case, and in between for further values
of the parameter a (in orange a = 1, in blue a = 10, and in purple a = 100). In general the
frequency is maximal in GR and decreases as the value of a is increased, becoming minimal
for the massless Brans-Dicke theory. Note that since the maximum mass increases with the
value of a, the lowest frequencies are reached by the massless Brans-Dicke neutron stars with
masses close to the maximum. Similarly, in Fig. 3 (right panel) we show the damping time τ
in µs as a function of the total mass. The damping time is largest in GR, and decreases with
increasing value of a. Interestingly, for low mass configurations the values of the damping
time become rather independent of a. The damping time increases monotonically with the
mass in all cases. These features are present independently of the equation of state. In each
panel of Fig. 4 we show the frequency ωR as a function of the total mass for a different EOS
and several values of a. Similarly in Fig. 5 we show the damping time τ .
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Figure 4: Frequency ωR (in units of kHz) of the fundamental l = 2 curvature mode versus the
mass (in units of the solar mass M⊙) of neutron stars for different values of the parameter
a between GR (black) and a = 105 (red). Each panel corresponds to a different equation of
state.
12
 40
 65
 90
 1.4  2  2.4
ALF2
τ 
(µ
s)
M (M
O·
 )
 40
 65
 90
   
GNH3
τ 
(µ
s)
 40
 65
 90
   
APR4
τ 
(µ
s)
 
 
 
1.4 2.0 2.4
ALF4
M (M
O·
 )
 
 
 
   
WCS1
 
 
 
   
BHZBM
 
 
 
1.4 2.0 2.4
WSPHS3
M (M
O·
 )
 
 
 
   
WCS2
GR
a=1
a=10
a=100
a=10
5
 
 
 
 
   
H4
Figure 5: Damping time τ (in units of µs) of the fundamental l = 2 curvature mode versus
the mass (in units of the solar massM⊙) of neutron stars for different values of the parameter
a between GR (black) and a = 105 (red). Each panel corresponds to a different equation of
state.
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Figure 6: (left) Frequency ωR (in units of kHz) of the fundamental l = 2 curvature mode
versus the parameter a on a logarithmic scale for a neutron star mass of 2 M⊙ and three
EOS (Sly brown, APR4 green, BHZBM purple). (right) A similar figure for the damping
time τ (µs).
In Fig. 6 we show the frequency ωR (left panel) and the damping time τ (right panel) as
a function of the parameter a for several EOS (SLy in brown, APR4 in green and BHZBM
in purple) and for a fixed value of the total mass, M = 2M⊙. Both the frequency and the
damping time decrease monotonically as the value of a increases. This behaviour is observed
for large values of the mass (i.e., larger compactness). However, for small values of the mass
(around 1M⊙), this behaviour can change for some equations of state, with the frequency
slightly increasing for small values of a, as can be seen in Fig. 4 (e.g., for GNH3 and WCS1).
The limit a → 0 leads to the corresponding GR value of the mode, while the limit a → ∞
gives the massless Brans-Dicke value.
3.2.2 Universal relations
Let us now address (approximate) universal relations for the rescaled frequencies and the
rescaled damping times [37, 24, 38, 35, 36]. In Fig. 7 (left panel) we exhibit the frequency
ωR rescaled with the radius Rs of the star versus the compactness M/Rs of the star. The
results are shown for GR, and for f(R) theory with a = 10 and a = 105. The three sets of
results are fitted with the same phenomenological relation, where different coefficients are
obtained, namely
ωR[kHz] · Rs[km] =


(105.39± 0.14)− (344.2± 2.8)
(
M
Rs
)2
GR
(101.19± 0.14)− (310.0± 3.0)
(
M
Rs
)2
a = 10
(53.20± 0.42)− (203.7± 7.8)
(
M
Rs
)2
a = 105
(21)
In all cases the deviation from universality (i.e., the best fit) is less than 5%, as seen in
the bottom panel of the figure. As expected, the normalized frequency is highest for GR,
14
 70
 80
 90
 100
   
GR
a=10
a=10
5
R
s 
ω
R
 (
k
H
z 
K
m
)
10
-4
10
-3
10
-2
10
-1
0.10 0.20 0.30 
|1
-F
/F
fi
t|
M/Rs
 15
 30
 45
   
GR
a=10
a=10
51
0
3
 M
/τ
 (
M
O•
/µ
s 
)
10
-4
10
-3
10
-2
10
-1
0.10 0.20 0.30 
|1
-F
/F
fi
t|
M/Rs
Figure 7: (left) Frequency ωR scaled with the radius Rs of the star (kHz · km) versus com-
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decreases with increasing a, and is smallest for a = 105.
In Fig. 7 (right panel) we exhibit the inverse of the damping time τ rescaled with the
mass of the star versus the compactness of the models. Again, the phenomenological relation
has the same form as in GR but with different coefficients
103
M [M⊙]
τ [µs]
=


(20.80± 0.56) + (365.6± 6.0)M
Rs
− (1213± 15)
(
M
Rs
)2
GR
(18.78± 0.45) + (374.0± 5.0)M
Rs
− (1170± 13)
(
M
Rs
)2
a = 10
(21.99± 0.53) + (327.4± 5.5)M
Rs
− (986± 13)
(
M
Rs
)2
a = 105
(22)
The deviations from universality are higher in this case with models for maximal compact-
ness showing deviations of up to about 10%. The lowest normalized inverse damping times
are present for GR, and they increase with the increase of the parameter a. Both phe-
nomenological relations show significant maximal deviations from GR in different parts of
the compactness scale, which may prove quite useful for deriving constraints on the param-
eter of the theory, once the observations will reach the necessary accuracy.
An alternative universal relation for the frequency is shown in Fig. 8 (left), where the
frequency is scaled with the total mass of the star instead of the radius. The corresponding
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Figure 8: (left) Frequency ωR scaled with the massM of the star (kHz ·M⊙) versus compact-
ness M/Rs. (right) Imaginary part ω˜I versus real part ω˜R of the QNM mode, both scaled
with the square root of the central pressure, for GR (red), a = 10 (blue) and a = 105 (red).
The solid lines correspond to the fits (23) and (24) (in grey for GR, in cyan for a = 10 and
in pink for a = 105).
phenomenological relation is
ωR[kHz] ·M[M⊙] =


(−1.455± 0.108) + (97.03± 1.15)M
Rs
− (138.5± 2.9)
(
M
Rs
)2
GR
(−0.725± 0.085) + (84.62± 0.96)M
Rs
− (106.0± 2.5)
(
M
Rs
)2
a = 10
(−0.660± 0.108) + (78.73± 1.11)M
Rs
− (91.3± 2.7)
(
M
Rs
)2
a = 105
(23)
which possesses a good EOS universality, comparable to the relation (21).
Finally, in Fig. 8 (right) we show another interesting universal relation, which holds
between the real and the imaginary part of the QNMs, when both parts are scaled with
respect to the central pressure of the models [39, 40, 24]. Thus defining the dimensionless
scaled quantity ω˜ = ω/
√
p¯0, where p¯0 is the central pressure, one finds the phenomenological
relation
ω˜I =


(−1.821± 0.067) + (0.482± 0.010)ω˜R + (0.0197± 0.0003)ω˜2R GR
(−2.278± 0.060) + (0.578± 0.007)ω˜R + (0.0192± 0.0002)ω˜2R a = 10
(−1.502± 0.114) + (0.465± 0.016)ω˜R + (0.0254± 0.0004)ω˜2R a = 105
(24)
Also this relation shows a rather good EOS universality with deviations up to about 10%.
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4 Conclusions
We considered axial quasi-normal modes of neutron stars in f(R) gravity with various realis-
tic equations of state describing pure nuclear matter, hyperon matter, and a mixture of quark
and nuclear matter. The equation for the axial quasi-normal modes of neutron stars in f(R)
gravity were derived, and the QNM frequencies were calculated numerically. Most studies
of the spectrum and the universal (EOS independent) relations were performed on the ba-
sis of the results obtained by solving the boundary value problem for the time-independent
equation. In addition, in order to verify the results and to understand the problem in more
detail, a time evolution of the time-dependent perturbation equation was performed.
With the time evolution method we studied the wave profiles and their deviations from
the pure GR ones for several values of the free parameter of the theory for neutron star
models with a fixed mass. From the obtained signal we extracted the oscillation frequency
and the damping times. The results were compared to the ones from the boundary value
problem, yielding very good agreement between both methods.
We employed the time-independent perturbation equation to obtain the frequencies and
the damping times for sequences of models in GR and f(R) gravity and analyzed the results in
order to reveal the effect of the modification of the theory and the value of its free parameter
a on the oscillation frequencies and the damping times. The effect on the frequencies found
for the largest considered value of a = 105 is a decrease of the frequency of about 8 to 10%
compared to GR, and it is more or less constant for all considered masses. The damping
times decrease as well when increasing the parameter a. Interestingly, the damping times
are very close for all values of a for small neutron star masses, and the deviation increases
with the mass of the models.
We further showed that the previously found universal relations in GR remain to a large
extent also EOS independent for f(R) gravity. However, there are qualitative differences
that increase with increasing parameter a. Expectedly, the maximal deviation arises for the
maximal value of a considered, a = 105, and the relations tend to the GR ones when a
is decreased. Clearly, one should next also study the polar modes of the models in f(R)
gravity, as well as the fluid modes. A first step in the latter direction has already been taken
[49].
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